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We propose Kondo fluctuation mechanism of superconductivity, differentiated from the spin-fluctuation
theory as the standard model for unconventional superconductivity in the weak-coupling approach. Based on
the U�1� slave-fermion representation of an effective Anderson lattice model, where localized spins are de-
scribed by the Schwinger boson theory and hybridization or Kondo fluctuations weaken antiferromagnetic
correlations of localized spins, we found an antiferromagnetic quantum critical point from an antiferromagnetic
metal to a heavy-fermion metal in our recent study. The Kondo-induced antiferromagnetic quantum critical
point was shown to be described by both conduction electrons and fermionic holons interacting with critical
spin fluctuations given by deconfined bosonic spinons with a spin quantum number 1/2. Surprisingly, such
critical modes turned out to be described by the dynamical exponent z=3, giving rise to the well-known
non-Fermi-liquid physics such as the divergent Grüneisen ratio with an exponent 2/3 and temperature-linear
resistivity in three dimensions. We find that the z=3 antiferromagnetic quantum critical point becomes unstable
against superconductivity, where critical spinon excitations give rise to pairing correlations between conduction
electrons and between fermionic holons, respectively, via hybridization fluctuations. Such two kinds of pairing
correlations result in multigap unconventional superconductivity around the antiferromagnetic quantum critical
point of the slave-fermion theory, where s-wave pairing is not favored generically due to strong correlations.
We show that the ratio between each superconducting gap for conduction electrons �c and holons � f and the
transition temperature Tc is 2�c /Tc�9 and 2� f /Tc�O�10−1�, remarkably consistent with CeCoIn5. A finger-
print of the Kondo mechanism is emergence of two kinds of resonance modes in not only spin but also charge
fluctuations, where the charge resonance mode at an antiferromagnetic wave vector originates from d-wave
pairing of spinless holons. We discuss how the Kondo fluctuation theory differs from the spin-fluctuation
approach.
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I. INTRODUCTION

Superconductivity from non-Fermi liquids �NFLs� has
been one of the central problems in modern condensed-
matter physics, associated with high-Tc cuprates1 and heavy-
fermion �HF� quantum critical points �QCPs�,2 where the
theory of superconductivity �SC� Bardeen-Cooper-Schrieffer
�BCS� mechanism3 needs to be generalized, depending on
the nature of the normal state. When phonons are introduced
in normal metals described by Fermi liquid, where Coulomb
interactions are screened to become local allowing coherent
electrons, there appear attractive interactions between quasi-
particles within the time scale given by the Debye frequency
associated with relaxation of ions. Then, such attractions
give rise to an instability of the whole Fermi surface, causing
superconductivity. On the other hand, effective interactions
between electrons are not screened completely and still long
ranged around QCPs, causing incoherent electron excitations
and showing deviation of Fermi-liquid physics. A natural
question is what happens if phonon excitations are intro-
duced into such a non-Fermi-liquid metal. Will attractive in-
teractions emerge against such long-range interactions? Al-
though fully self-consistent diagrammatic analysis has not
been performed yet as far as we know, it would not be easy
to generate such attractions due to phonons.

The first point is on the nature of the non-Fermi-liquid
phase, the hallmark of which is beyond the T2 electrical re-

sistivity, for example, a typical T-linear behavior in various
heavy-fermion critical metals. A phenomenological descrip-
tion was proposed, so called the marginal Fermi-liquid an-
satz, where electron quasiparticles decay into bunch of
particle-hole excitations, regarded as an example of orthogo-
nality catastrophe.4 One possible origin is quantum critical-
ity, where scattering with critical fluctuations gives rise to the
� ln � self-energy with frequency �. Then, the final question
is whether such critical fluctuations as the source of non-
Fermi-liquid physics will cause superconducting instability
in marginal Fermi liquid, where phonon excitations are not
expected to play an important role around QCPs.

The so-called spin-fluctuation scenario has been regarded
as the standard model for superconductivity out of non-
Fermi liquids, where the quantum critical normal state is
described by the Hertz-Moriya-Millis theory with the dy-
namical exponent z,5 resulting in the temperature-linear re-
sistivity in two dimensions when z=2 and effective interac-
tions are oscillatory in space, allowing unconventional
pairing beyond s wave.6,7 This Fermi-liquid-based theory is
quite parallel with the BCS theory, where phonons are re-
placed with antiferromagnetic �AF� spin fluctuations and
Migdal theorem8 holds in both mechanism. A fingerprint of
this nonphonon mechanism is emergence of spin-resonance
modes at an antiferromagnetic wave vector in the supercon-
ducting phase, analogous with linewidth narrowing of the
phonon spectrum at frequency below twice of the supercon-
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ducting gap, actually measured in both high-Tc cuprates6 and
heavy-fermion superconductors.7

Recently, several heavy-fermion compounds have been
shown not to follow the spin-fluctuation scenario.9–13

Anomalous thermodynamics such as the divergent Grüneisen
ratio with an exponent 2/3 �Ref. 9� and non-Fermi-liquid
transport of temperature-linear resistivity in three
dimensions10 turn out to be beyond the description of the
Fermi-liquid-based theory.14,15 Both divergence of the effec-
tive mass near the QCP �Ref. 11� and the presence of local-
ized magnetic moments at the transition toward magnetism12

seem to support a more exotic scenario. In addition, rather
large entropy and small magnetic moments in the antiferro-
magnetic phase may be associated with antiferromagnetism
out of a spin-liquid Mott insulator.16 Combined with the
Fermi-surface reconstruction at the QCP,11,13 this quantum
transition is assumed to show breakdown of the Kondo effect
as an orbital selective Mott transition,17–19 where only the f
electrons experience the metal-insulator transition.

The above discussion implies that superconductivity from
such an anomalous quantum critical metal is difficult to un-
derstand within the spin-fluctuation theory. Actually, super-
conductivity around the antiferromagnetic QCP of CeRhIn5
was claimed to be beyond the spin-fluctuation framework
because this antiferromagnetic QCP seems to be “local” as-
sociated with breakdown of the Kondo effect, supported
from the sublinear-in-temperature electrical resistivity and
isotropic scattering emerging around the QCP, but not in the
heavy-fermion phase.20 Multigap unconventional supercon-
ductivity was proposed in CeCoIn5, where large gap coexists
with small gap associated with various Fermi surfaces,21 re-
quiring a new kind of theoretical framework for supercon-
ductivity around the QCP.

In the theoretical point of view two kinds of heavy-
fermion QCPs were proposed, where nature of spin dynam-
ics is at the heart of heavy-fermion quantum criticality.22 The
Ruderman-Kittel-Kasuya-Yosida �RKKY� induced antiferro-
magnetic QCP is nothing but the Stoner instability of heavy
quasiparticles and only small pieces of Fermi surface become
critical via nesting. Superconductivity out of this QCP is de-
scribed by the spin-fluctuation mechanism. On the other
hand, the Kondo-induced QCP leads the whole Fermi surface
to be critical, associated with formation of heavy quasiparti-
cles. Recently, a dynamical mean-field theory study has
shown that the Kondo-induced QCP may be identified with
an orbital selective Mott transition,19 where spins become
localized in the antiferromagnetic phase in contrast with the
RKKY mechanism. Importance of Gutzwiller projection was
emphasized in the Mott limit of one-band Hubbard model.23

In this respect the weak-coupling approach is difficult to ap-
ply to the strong-coupling problem. An important question is
to develop the field theoretic manipulation for Gutzwiller
projection.

In this paper we propose Kondo fluctuation mechanism of
superconductivity, differentiated from the spin-fluctuation
theory. Based on the U�1� slave-fermion representation of an
effective Anderson lattice model, where localized spins are
described by the Schwinger boson theory24 and hybridization
or Kondo fluctuations weaken antiferromagnetic correlations
of localized spins, we found an antiferromagnetic QCP from

an antiferromagnetic metal to a heavy-fermion metal in our
recent study.25 The Kondo-induced antiferromagnetic QCP
was shown to be described by both conduction electrons and
fermionic holons interacting with critical spin fluctuations
given by deconfined bosonic spinons with a spin quantum
number 1/2. Surprisingly, such critical modes turned out to
be described by the dynamical exponent z=3, giving rise to
the well-known non-Fermi-liquid physics such as the diver-
gent Grüneisen ratio with an exponent 2/3 �Ref. 14� and
temperature-linear resistivity in three dimensions.15 We find
that the z=3 antiferromagnetic QCP becomes unstable
against superconductivity, where critical spinon excitations
give rise to pairing correlations between conduction elec-
trons and between fermionic holons, respectively, via hybrid-
ization fluctuations. Such two kinds of pairing correlations
result in multigap unconventional superconductivity around
the antiferromagnetic QCP of the slave-fermion theory,
where s-wave pairing is not favored generically due to strong
correlations. We show that the ratio between each supercon-
ducting gap for conduction electrons �c and holons � f and
the transition temperature Tc is 2�c /Tc�9 and
2� f /Tc�O�10−1�, remarkably consistent with CeCoIn5.21 A
fingerprint of the Kondo mechanism is emergence of two
kinds of resonance modes in not only spin but also charge
fluctuations, where the charge resonance mode at an antifer-
romagnetic wave vector originates from d-wave pairing of
spinless holons. We argue uniqueness and robustness of the
Kondo fluctuation mechanism, comparing with other sce-
narios based on hybridization fluctuations such as the
valance-fluctuation,26 resonating-valance-bond �RVB�,16 and
two-channel SU�2� slave-boson27 theories.

II. U(1) SLAVE-FERMION THEORY OF ANDERSON
LATTICE MODEL

A. U(1) slave-fermion representation of an effective Anderson
lattice model

We start from an effective Anderson lattice model

HALM = Hc + Hf + HKondo + HRKKY,

Hc = − t�
�ij�

�cin�
† cjn� + H.c.� − ��

i

cin�
† cin�,

Hf = − �t�
�ij�

�din�
† djn� + H.c.� + � f�

i

din�
† din�,

HKondo = V�
i

�cin�
† din� + H.c.� ,

HRKKY =
J

N
�
�ij�

S� i · S� j , �1�

exhibiting competition between hybridization fluctuations
HKondo and antiferromagnetic correlations of localized spins
HRKKY, where the large-U limit for localized orbitals is taken
into account. In particular, RKKY interactions are modeled
as effective exchange interactions between localized spins.
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We also assume the presence of weak hopping integrals for
localized electrons, denoted by ��1. Although the hybrid-
ization term gives rise to both RKKY interactions in its
fourth order ��V4 /U3� and hopping integrals in its second
order ��V2 /U�,28 we regard this effective Anderson model
as an emergent model of the intermediate energy scale in the
renormalization group sense. Here, �= ↑ ,↓ represents SU�2�
spin and n=1, . . . ,N expresses the number of flavors, allow-
ing us to analyze this model in a systematic way.

Expressing an electron field in a localized orbital as

din� = f i
†bin�, �2�

where f i carries only charge, called holon, and bin� does only
spin, called spinon, the large-U limit in the localized orbital
is expressed as the so-called single occupancy constraint,

�
n=1

N

�
�=↑,↓

bin�
† bin� + f i

†f i = 2SN . �3�

In the final stage of calculation we will consider S=1 /2 and
N=1.

Inserting the U�1� slave-fermion representation into the
RKKY term, we take

J

N
�
�ij�

S� i · S� j = −
J

N
�
�ij�

����bin�
† bjn�

† ���	
bim	bjm
�

→ �
�ij�
�N

J
��ij�2 − ��ij

� ����bin�bjn�� + H.c.�	
�4�

for antiferromagnetic correlations, where �ij capture spin-
singlet excitations. In the same way we see

− �t�
�ij�

�din�
† djn� + H.c.�

= − �t�
�ij�

�bin�
† f if j

†bjn� + H.c.�

→ �t�
�ij�


��ij
b��ij

f + H.c.� − �f i�ij
b�f j

† + H.c.�

− �bin�
† �ij

f bjn� + H.c.�� , �5�

where �ij
b keep hopping fluctuations for holons and �ij

f take
ferromagnetic correlations.

Based on Eqs. �4� and �5�, we obtain an effective La-
grangian in the U�1� slave-fermion representation of the
Anderson lattice model

Z =� Dcin�Dbin�DfiD�ijD�ij
b D�ij

f D�ie
−
0

�d
L,

L = Lc + Lf + Lb + LV + L0,

Lc = �
i

cin�
† ��
 − ��cin� − t�

�ij�
�cin�

† cjn� + H.c.� ,

Lf = �
i

f i
†��
 + i�i�f i + �t�

�ij�
�f j

†�ij
b�f i + H.c.� ,

Lb = �
i

bin�
† ��
 + � f + i�i�bin� − �t�

�ij�
�bin�

† �ij
f bjn� + H.c.�

− J�
�ij�

��ij
� ����bin�bjn�� + H.c.� ,

LV = V�
i

�cin�
† bin�f i

† + H.c.� ,

L0 = �t�
�ij�

��ij
b��ij

f + H.c.� + NJ�
�ij�

��ij�2 − i�
i

2NS�i, �6�

where the hybridization term V competes with the antiferro-
magnetic correlation term J for localized electrons, modeled
as the nearest-neighbor spin-exchange interaction. Lc de-
scribes dynamics of conduction electrons cin�, where � and t
are their chemical potential and kinetic energy, respectively.
Lf and Lb govern dynamics of localized electrons, decom-
posed with fermionic holons f i and bosonic spinons bin�,
where local antiferromagnetic correlations �ij are introduced
in the Sp�N� representation for the spin-exchange term J with
an index n=1, . . . ,N �Ref. 24� and an almost flat band with
��1 is allowed18 to describe hopping of holons �ij

b and
spinons �ij

f , respectively. � f is an energy level for the flat
band and �i is a Lagrange multiplier field to impose the
slave-fermion constraint. LV is the hybridization term, in-
volving conduction electrons, holons, and spinons. L0 repre-
sents condensation energy with N=1 and S=1 /2 in the
physical case.

In the decoupling limit of V→0 the slave-fermion La-
grangian is reduced to two decoupled sectors for conduction
electrons and spinons, where ferromagnetic correlations �ij

f

vanish due to �f i
†f i�=0 in the spinon sector, recovering the

Schwinger-boson theory for the half-filled quantum
antiferromagnet24

Z =� Dcin�Dbin�D�ijD�ie
−
0

�d
�Lc+Lb�,

Lc = �
i

cin�
† ��
 − ��cin� − t�

�ij�
�cin�

† cjn� + H.c.� ,

Lb = �
i

bin�
† ��
 + � f + i�i�bin� − �

�ij�
��ij

� ����bin�bjn�� + H.c.�

+
N

J
�
�ij�

��ij�2 − i�
i

2NS�i. �7�

Actually, this is our starting point for the description of lo-
calized spins instead of itinerant electrons in the Hertz-
Moriya-Millis theory. In this respect the present problem
generalizes the Schwinger-boson theory, turning on hybrid-
ization fluctuations to cause “hole doping” in the localized
band, represented by fermionic holons f i. Particularly, hy-
bridization fluctuations give rise to ferromagnetic correla-
tions via effective hole doping, weakening antiferromagnetic
correlations �ij and destroying the antiferromagnetic order
�bin��=0.
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B. z=3 antiferromagnetic quantum critical metal

In the recent study we performed the mean-field analysis
with uniform hopping �ij

f�b�→� f�b�, pairing �ij→�, and
chemical potential i�i→�, and found the slave-fermion
mean-field phase diagram for the Anderson lattice model
�Fig. 1�.25 The antiferromagnetic long-range order turns out
to vanish at the critical hybridization strength Vc but short-
range antiferromagnetic correlations still exist at the QCP. In
the antiferromagnetic phase �V�Vc� band hybridization is
allowed, but the area of the Fermi surface is small, propor-
tional to 
, the density of conduction electrons, because the
effective chemical potential of holons is almost on the top of
the holon band and the density of holons is vanishingly
small. Enhancing the hybridization coupling constant �V
�Vc�, the holon chemical potential shifts to the lower part,
filling holons into the flat band and causing heavy fermions.
In this description the heavy-fermion transition at finite tem-
peratures turns into crossover, where the crossover tempera-
ture TFL is given by gap of spinon excitations TFL��s

−1 with
the correlation length �s= ���−2d�t� f�2− �2d��2�−1/2 since
scattering of conduction electrons and holons with spinon
fluctuations is suppressed below this temperature allowing
Fermi-liquid physics.

Fluctuation corrections are taken into account for quan-
tum critical physics in the Eliashberg framework, where ver-
tex corrections are neglected.17,18 Our main discovery was
that dynamics of spinon fluctuations is described by z=3
critical theory due to Landau damping of electron-holon po-
larization above an intrinsic energy scale E� while by z=1
O�4� nonlinear � model below E�.25 The energy scale E�

��D�q� /kF
c �3 originates from the mismatch q�= �kF

f −kF
c � of

the Fermi surfaces of the conduction electrons kF
c and holons

kF
f , shown to vary from O�100� to O�102� mK.17,18 Actually,

inserting the Landau damping self-energy �b�q , i��=	b
���
q

with the damping coefficient 	b= �
2

V2�c

vF
f into the spinon’s full

propagator, where �c is the density of states for conduction
electrons and vF

f is the holon velocity, we find their z=3
dynamics

IGb�q,�� � −
	

2	b

	�q

q6 + 	2�2 �8�

with 	��2	b��2d� /vs
2�, where vs

=�2��t� f��−2d�t� f�+ �2d�2�� is the velocity of spinons.
Then, the correlation-length exponent is given by the usual
mean-field value �=1 /2 since the critical theory is above its
upper critical dimension in d=3.29

Both anomalous thermodynamics and non-Fermi-liquid
transport result from the z=3 quantum criticality. The so-
called Grüneisen ratio, the ratio between the thermal expan-
sion parameter and specific-heat coefficient, diverges with an
exponent 1

�z = 2
3 , where � is the correlation length

exponent.9,14 The electrical resistivity displays the T-linear
behavior in three spatial dimensions,10,15 different from the
z=2 spin-density-wave theory ��T3/2�. An important result
of the z=3 antiferromagnetic QCP in the slave-fermion
theory is that the uniform dynamic spin susceptibility di-
verges with an exponent 2/3, similar to an experiment.12 Of
course, the staggered spin susceptibility diverges as it should
be due to the antiferromagnetic instability. Divergence of the
uniform spin susceptibility is an inevitable response from the
z=3 antiferromagnetic QCP. As a result, the z=3 antiferro-
magnetic QCP should be distinguished from the z=2 spin-
density-wave theory, where physical response functions for
the z=3 antiferromagnetic QCP are summarized in Table I.

C. Discussion on self-consistency in the slave-fermion
theory

One cautious physicist may suspect existence of the z=3
antiferromagnetic QCP because such a QCP is based on de-
confinement of fractionalized excitations called spinons and
holons. If such elementary excitations should be confined
from some nonperturbative effects, for example, due to mag-
netic monopole excitations, the present description becomes
illusive. In Sec. II C we discuss that the effective U�1� gauge
theory in the slave-fermion representation allows deconfine-
ment of such fractionalized excitations at its QCP, thus this
kind of theory is self-consistent in itself.

Before discussing deconfinement of slave particles, we
would like to explain the motivation of the slave-particle
representation. For clarity, suppose the one-band Hubbard
model at half filling without perfect nesting. It is believed
that the spin-fluctuation approach is applied to the u / t�1
regime while the Gutzwiller projection should be introduced
in u / t�1, simulated with the slave-particle representation.
In the latter case the interaction coupling constant u was
argued to increase more and more, going to an infinite cou-
pling fixed point.23 Of course, since this is beyond the per-
turbative regime and the usual one-loop renormalization

TABLE I. Scaling of Grüneisen ratio ��T�, uniform spin suscep-
tibility ��T�, and resistivity ��T� with dynamical z and correlation-
length � exponents in d=3 for the slave-fermion theory.

z & � ��T� ��T� ��T�

SF QCP 3 & 1/2 T−2/3 T−2/3 T ln�2T /E��A F HF

SC

NFL

0 10 20 30 40 50 60
0

2

4

6

8

10

V

J

T

FIG. 1. �Color online� Schematic phase diagram for
hybridization-fluctuation-induced d-wave superconductivity around
the z=3 AF QCP with an AF transition temperature �thick-left�,
crossover temperature to the heavy-fermion �HF� phase �dashed-
right�, SC transition temperature �thick-center dome�, and NFL,
where both the red thick and blue dashed lines were found in Ref.
25.
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group analysis does not work, this statement is just one claim
based on the method of canonical transformation. However,
it seems to be true that the Fermi-liquid-based approach is
difficult to simulate the Gutzwiller projection. Actually, no-
body did not reach the Mott transition regime based on the
Fermi-liquid-based approach, where the whole Fermi surface
becomes critical while the Fermi-liquid-based theory exhib-
its instability of only some parts of the Fermi surface. In the
present context the Kondo effect is not reached yet based on
the spin-fluctuation approach as far as we know. This is the
strong motivation for the slave-particle representation.

To check whether the slave-particle theory is self-
consistent or not means to understand whether deconfine-
ment is allowed or not beyond the perturbative analysis.
Here, “beyond the perturbative analysis” expresses that mag-
netic monopole excitations are introduced, allowed in the
lattice U�1� gauge theory.30 Their condensation gives rise to
confinement of slave particles, then the present approach
loses its physical implication.

It has been known that the pure lattice U�1� gauge theory
without matter fields allows deconfinement in three spatial
dimensions.30 More precisely, there is the confinement-
deconfinement transition varying the coupling constant, here
the internal “electric” charge. In the deconfinement phase
introduction of matters strengthens deconfinement and slave
particles appear as elementary excitations. An important
question is what happens in the confinement phase of the
pure gauge theory if we introduce matter fields. This has
been regarded as an important issue in the gauge theory ap-
proach to strongly correlated electrons. Recently, some reli-
able arguments have been made.

When matter fields are gapped, confinement survives, of
course. The question is what happens when matter fluctua-
tions are critical or gapless. Hermele et al.31 claimed that
magnetic monopole excitations can be suppressed when
there are plenty of flavors for Dirac fermions in QED3 �quan-
tum electrodynamics in two space and one time dimensions�.
More precisely, they showed that the scaling dimension of
the monopole excitation operator is given by the flavor num-
ber N of Dirac fermions at the infrared stable fixed point so
called the algebraic spin liquid. At the fixed point of QED3
they calculated energy of one magnetic monopole, propor-
tional to the fermion flavor number N. Based on the state-
operator correspondence of the conformal field theory, such
an energy is identified with the scaling dimension of the
magnetic monopole insertion operator. Since it is propor-
tional to N, monopole excitations become irrelevant in the
large N limit. This relativistic study was extended to the
nonrelativistic case, where there is a Fermi surface of
spinons.32,33 Since there are plenty of fermions around the
Fermi surface, one may expect that deconfinement always
occurs. Actually, it was argued that deconfinement indeed
happens at the spin-liquid fixed point.32 A similar result was
also obtained in the case of bosonic matters.34

In the present U�1� slave-fermion gauge theory we have
two kinds of critical matters involved with the internal U�1�
gauge charge. These are holons with a Fermi surface and
gapless spinons at the antiferromagnetic QCP. In this respect
deconfinement is allowed, thus the present theoretical frame-
work is self-consistent at least around the QCP.

Finally, we would like to mention one of the main suc-
cesses in this approach. Applying the slave-particle represen-
tation to the multichannel Kondo problem, one finds the scal-
ing solution of a power law within the so-called noncrossing
approximation, identified with a non-Fermi-liquid fixed point
due to overscreening. Actually, this physics turns out to co-
incide with the exact method, the conformal field theory.35

III. SUPERCONDUCTIVITY FROM A NON-FERMI-
LIQUID METAL

A. Superconducting instability of the z=3 antiferromagnetic
quantum critical point

First, we show that the z=3 antiferromagnetic QCP be-
comes unstable against unconventional superconductivity,
evaluating particle-particle scattering vertices for both con-
duction electrons and holons with subscripts c and f , respec-
tively,

�cc�i�� = − V2 1

�
�
i�

�
l

� f f�i� + i��Fb�l,i�� ,

Gf�kF
c + l,i� + i��Gf�− kF

c − l,− i� − i�� ,

� f f�i�� = − 2NV2 1

�
�
i�

�
l

�cc�i� + i��Fb�l,i�� ,

Gc�kF
f + l,i� + i��Gc�− kF

f − l,− i� − i�� . �9�

�cc�f f��i�� is the particle-particle t matrix for conduction
electrons �holons� and

Gc�f��k,i�� =
1

i� − ��k
c�f� − �c�f�� − �n

c�f��i��

is the normal Green’s function for conduction electrons �ho-
lons�, where �k

c=−2t�cos kx+cos ky +cos kz� and �k
f =−��b�k

c

are fermion dispersions, and �c=� and � f =−� are their
chemical potentials. �n

c�f��i�� is the normal self-energy of
conduction electrons �holons�, self-consistently found in the
Eliashberg approximation25

Fb�q,i�� =

−
�q

b

t
�

− �i��2 + ��q
b + � f + � + �b�q,i���2 − ��q

b/t�2�2

is an anomalous propagator for spinons due to their pairing
correlations, shown in HRKKY of Eq. �4�, where �q

b=�� f�q
c is

the spinon bare dispersion. �b�q , i�� is the normal self-
energy given by the Landau damping form, as discussed be-
fore. The presence of the anomalous spinon propagator or
antiferromagnetic correlations is an important ingredient for
the Kondo fluctuation mechanism, discussed in more detail
later �Fig. 2�. The negative sign in the right-hand side implies
that s-wave superconductivity is prohibited as expected due
to strong correlations.

In the long wavelength and low energy limits the anoma-
lous spinon Green’s function can be written as
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IFb�q,�� =
	

2	b

	�q

q6 + 	2�2 .

Inserting this expression into the above and performing mo-
mentum integration with the ansatz of d-wave pairing, we
obtain

�cc�i�� �
Cc

2

2

1

�
�
i�

ln��c + �� − ��
�� − �� � � f f�i��

�� + i�n
f �i���

,

� f f�i�� � 2N
C f

2

2

1

�
�
i�

ln��c + �� − ��
�� − �� � �cc�i��

�� + i�n
c�i���

,

�10�

where z�1 �z=3, here� quantum criticality allows the local
form for spinon fluctuations with their cutoff frequency �c,
and the coupling constants are given by Cc�f�

2 = 4d�V2�

�2��3zvs
2vF

f�c� with

the spinon velocity vs=�2��t� f��−2d�t� f�+ �2d�2�� �Ref.
25� and holon �conduction electron� Fermi velocity vF

f�c�.
Absence of quasiparticles at the z=3 antiferromagnetic

QCP is seen from the following fermion self-energies

i�n
c�i�� = gc

2� ln
�c

���
, i�n

f �i�� = gf
2� ln

�c

���
, �11�

where gc
2= dV2�

6�2vs
2vF

f and gf
2=2N dV2�

6�2vs
2vF

c .14,15 Although this corre-
sponds to the marginal Fermi-liquid ansatz, its mechanism in
the strong-coupling approach differs from the spin-
fluctuation scenario. Inserting these non-Fermi-liquid self-
energies, Eq. �10� can be written as follows:

�cc�i�� � Cc
2�

Tc

�

d�
� f f�i��

��1 + gf
2 ln

�c

�
� ln

�c

���2 − �2�
,

� f f�i�� � 2NC f
2�

Tc

�

d�
�cc�i��

��1 + gc
2 ln

�c

�
� ln

�c

���2 − �2�
,

�12�

where finite-temperature effects are introduced as the lower
cutoff approximately.36 Following the procedure of Ref. 36,
we find

Tc � �ce
−�/��2NCcCf �13�

in the “BCS” limit gc�f�
2 �1. An important lesson in this ex-

pression is that the 1 /�CcC f �1 /V factor in the exponential
appears instead of 1 /V2 associated with the absence of qua-
siparticles. Using appropriate parameters shown to fit ther-
modynamics of YbRh2Si2 qualitatively well,14 we see that Tc
varies from O�100� to O�101� K depending on 10��c
�30 K, consistent with Ce�Co,Rh�In5.20

B. Kondo fluctuation mechanism: Multigap superconductivity

To understand the d-wave superconductivity around the
z=3 deconfined antiferromagnetic QCP, we develop an
Eliashberg theory6 for the hybridization-induced supercon-
ductivity. The Luttinger-Ward functional can be constructed
as YLW=YLW

N +YLW
S with

YLW
N = 2NV2 1

�
�
i�

�
q

1

�
�
i�

�
k

Gc�k + q,i� + i��

�Gb�q,i��Gf�k,i�� ,

YLW
S = − 2NV2 1

�
�
i�

�
q

1

�
�
i�

�
k

Fc�k + q,i� + i��

�Fb�q,i��Ff�k,i�� , �14�

where YLW
N is for normal self-energies with each normal

Green’s function and YLW
S is for anomalous self-energies with

each anomalous propagator29

Gc�f��k,i�� =
i� − �n

c�f��i�� + ��k
c�f� − �c�f��

�i� − �n
c�f��i���2 − ��k

c�f� − �c�f��2 − �p
c�f�2�k,i��

is the normal electron �holon� Green’s function with the
d-wave pairing anomalous self-energy �p

c�f��k , i��, and
Gb�q , i�� is the normal spinon propagator, where its anoma-
lous self-energy can be neglected as long as it is smaller than
its pairing order �,

Fc�f��k,i�� =
�p

c�f��k,i��
�i� − �n

c�f��i���2 − ��k
c�f� − �c�f��2 − �p

c�f�2�k,i��

is the anomalous electron �holon� Green’s function, and the
anomalous spinon propagator is the same as before because
the presence of antiferromagnetic correlations � allows us to
neglect its anomalous self-energy.

cc
Φ

cc
Φ

cc
Φ

ff
Φ

ff
ΦΦ

cc

B

=

=

A

=

FIG. 2. �A� Coupled particle-particle t matrices for both conduc-
tion electrons and holons in the slave-fermion theory, where the
thick line is the electron’s Green’s function, the dashed line is the
holon’s Green’s function, and the coiling line is the anomalous
spinon’s Green’s function. �B� A particle-particle t matrix for con-
duction electrons in the slave-boson theory, where the thick line is
the electron’s Green’s function, the dashed line is the spinon’s
Green’s function, and the wavy line is the normal holon’s Green’s
function.
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The electron and holon pairing self-energies are given by

�p
c�kF

c ,i�� =
V2

2�vF
f

1

�
�
i�

�p
f �i��Fb�i� − i��

��� + i�n
f �i���2 + �p

f2�i��
,

�p
f �kF

f ,i�� =
2NV2

2�vF
c

1

�
�
i�

�p
c�i��Fb�i� − i��

��� + i�n
c�i���2 + �p

c2�i��
,

�15�

where d-wave pairing is assumed in the sign of the anoma-

lous fermion self-energy and Fb�i��=

dd−1q�

�2��d−1 Fb�q� , i��.
This expression is consistent with Eq. �10�, justifying our
derivation of Eliashberg equations for pairing self-energies.

It is valuable to find the BCS limit of these equations
appropriate for the “weak” coupling case. We obtain coupled
BCS equations for electron and holon pairing order param-
eters

�c = Bc�
0

�c

d�
� f

��2 + � f
2
tanh

��2 + � f
2

2T
,

� f = 2NB f�
0

�c

d�
�c

��2 + �c
2
tanh

��2 + �c
2

2T
, �16�

where Bc�f�=Cc�f�
2 ln�1+

vs
2�c

2/3

ms
2 � with mass of spinons ms

2

����−2d�t� f�2− �2d��2 �Ref. 25� in the superconducting
state. As a result, we find

2�c

Tc
= CBCS exp�−

V0
−1

2NB f
+

1

�2NB fBc
� ,

2� f

Tc
= CBCS exp�−

V0

Bc
+

1

�2NB fBc
� , �17�

where V0=
�c

� f
is determined by

V0

Bc
−

V0
−1

2NB f
= ln V0 �18�

and CBCS�3.5 is the BCS value. Within the range of Tc
given by Eq. �13�, we obtain 2�c /Tc�2.7CBCS�9 while
2� f /Tc�O�10−1�.

Recently, thermal conductivity experiments on the heavy-
fermion superconductor CeCoIn5 down to 10 mK revealed
strong multigap effects with a remarkably low “critical” field
for the small gap band, showing that the complexity of
heavy-fermion band structure has a direct impact on their
response under magnetic field.21 In particular, the small gap
is claimed to originate from light electrons instead of heavy
fermions, combined with previous measurements. This as-
pect seems to be not consistent with the present description,
where such a small gap appears from pairing correlations of
heavy fermions, holons, although the gap to critical tempera-
ture ratio, i.e., 2�c /Tc�2.7CBCS�9 and 2� f /Tc�O�10−1�
matches with CeCoIn5.21 In the Kondo fluctuation mecha-
nism it seems to be natural that the small gap arises from
heavy fermions. We believe that this point should be clarified

in experiments, particularly, from the measurement for
CeRhIn5, where the pairing glue in this superconducting ma-
terial is claimed to be some local excitations associated with
Kondo fluctuations.20

C. A fingerprint of the Kondo fluctuation mechanism

The hallmark of the spin-fluctuation-induced d-wave su-
perconductivity was argued to be emergence of the spin-
resonance mode at an antiferromagnetic wave vector.6,7

Since the hybridization-induced superconductivity allows the
d-wave pairing symmetry, the similar spin-resonance mode
is expected to result from pairing correlations of conduction
electrons. An important ingredient beyond the spin-
fluctuation scenario is d-wave pairing of spinless fermions.
We claim that emergence of a charge-resonance mode at an
antiferromagnetic wave vector is one fingerprint of the
hybridization-induced superconductivity.

We introduce repulsive interactions between nearest-
neighbor holons, given by Hint

f =Uf��ij�ni
fnj

f, where on-site
repulsive interactions do not appear due to the Pauli exclu-
sion principle. Then, the charge susceptibility is given by the
standard random-phase-approximation form

�c
f�q,i�� =

Uf f�q�
1 − Uf f�q��c

f�q,i��

with Uf f =2Uf� j=1
d cos qj. It was shown that

I�c
f�Q ,��2� f�=0 and it jumps at �=2� f as

I�c
f�Q ,2� f −���I�c

f�Q ,2� f +�� with �→0, resulting from
d-wave pairing symmetry,6 where Q is an associated antifer-
romagnetic wave vector. The presence of jump gives rise to
the logarithmic singularity in the real part of the susceptibil-
ity as R�c

f�Q ,���−� f ln
2� f

��−2� f�
via the Kramers-Kronig

relation.37 As a result, the resonance condition of
1−Uf f�Q�R�c

f�Q ,�res�=0 can be always satisfied, causing a
coherent peak in the susceptibility. This is exactly the origin
of the spin-resonance mode in the d-wave superconducting
state. An important point is that holons do not carry spin
quantum numbers but only charge quantum numbers, thus
this peak is identified with a charge-resonance mode at the
same momentum with the spin-resonance mode. This is an
essential prediction of the present mechanism.

IV. DISCUSSION AND SUMMARY

A. Comparison with other theoretical frameworks

An important ingredient in the hybridization-induced
mechanism is the presence of an anomalous propagator of
spinon excitations associated with antiferromagnetic correla-
tions, allowing the ladder diagram process as the supercon-
ducting mechanism �Fig. 2�. One can perform the similar
t-matrix calculation at the Kondo breakdown QCP of the
slave-boson theory. Actually, this was studied in the context
of the valance-fluctuation-induced d-wave superconductivity
inside the heavy-fermion phase.26 Extending this mechanism
at the Kondo breakdown QCP, one can construct particle-
particle t matrices for both conduction electrons and fermi-
onic spinons. An essential difference from the slave-fermion
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theory is that the pairing channel arises from crossed dia-
grams instead of ladder diagrams due to the absence of an-
tiferromagnetic correlations, mathematically corresponding
to the pairing term of bosonic holons in the slave-boson
theory �Fig. 2�. Since these crossed diagrams involve mo-
mentum integrals, such instability channels become much
weaker8 than those of the slave-fermion theory.

One can modify the valance-fluctuation mechanism at the
Kondo breakdown QCP, taking into account not only
particle-hole pairs between conduction electrons and fermi-
onic spinons but also their particle-particle pairs. Recently,
this was proposed in the SU�2� slave-boson formulation of
the uniform mean-field ansatz with two channels for conduc-
tion electrons.27 Another SU�2� formulation is possible in the
d-wave pairing ansatz with one channel, basically an ex-
tended version of the RVB superconductivity.16 However,
these ideas overestimate quantum fluctuations in spin dy-
namics, thus have difficulty in describing antiferromag-
netism.

B. Robustness of the z=3 antiferromagnetic quantum
criticality and marginal Fermi-liquid phenomenology

Antiferromagnetism described by the Schwinger boson
theory has its characteristic feature, that is, strong ferromag-
netic fluctuations when “holes” are doped. Physically, such
uniform spin fluctuations result from the fact that the energy
dispersion of bosonic spinons has degeneracy at both the
ferromagnetic and antiferromagnetic wave vectors. This
seems to be an important nature of quantum antiferromag-
nets, associated with strong quantum fluctuations. Hybridiza-
tion fluctuations or “Fermi surface” fluctuations give rise to
Landau damping, resulting in the z=3 antiferromagnetic
QCP. Actually, such strong ferromagnetic fluctuations have
been observed in the YbRh2Si2-type sample.38

If we consider different kinds of orders, an important
point is whether the dispersion of bosonic spinons has its
minimum at the q= �0,0 ,0� momentum point or not. If the
energy minimum is away from q= �0,0 ,0�, ferromagnetic
fluctuations cannot be critical and the Landau damping term
will not affect critical spinon dynamics so much because
critical spinon excitations appear in different momentum
points which cannot feel such damping. In the present prob-
lem the q= �0,0 ,0� point is almost degenerate with the
q= �� ,� ,�� because spinons are in an almost flat band, i.e.,
��1 in our mathematical expression, thus allowing strong
ferromagnetic fluctuations at the antiferromagnetic QCP.
This is the key physics for the z=3 antiferromagnetic quan-
tum criticality. Suppose a certain z=3 QCP in three spatial
dimensions. Why does not the marginal Fermi-liquid physics
arise in such all systems?

The Fermi-surface problem in higher dimensions than one
dimension is extremely difficult. The usually resorted tech-
nique so called large N, where N represents the number of
fermion flavors, is not well defined in the presence of a
Fermi surface, basically originating from bunch of particle-
hole soft modes, where all kinds of planar diagrams, not only
self-energy corrections but also vertex corrections, should be
resumed,39,40 but of course, we do not know how. In this kind
of problems we have two kinds of self-energy corrections.
One is the fermion self-energy while the other is the boson
self-energy. Although we cannot give a definite answer, it
seems that the boson self-energy is determined by the Lan-
dau damping form, given by the self-consistent one-loop cal-
culation, Eliashberg theory. Actually, this was checked ex-
plicitly in the two-loop order.39,41 In our opinion this
“protection” mechanism may be due to the presence of a
Fermi surface. Particle-hole excitations around the Fermi
surface would always give rise to the Landau damping
around the zero momentum beyond any order. Ironically, the
presence of the Fermi surface causes a serious problem to
self-energy corrections of fermions. Such calculations in the
fermion self-energy require vertex corrections inevitably.39

Actually, this has been discussed in the community for a long
time but there is still no consensus on the explicit expression
of the fermion Green’s function.41 In this respect the actual
exponent for the fermion self-energy is not known yet.

The main difference from the above problem is that the
present problem consists of two bands, where one is normal
but the other is almost flat. Although it is not completely
confirmed, some arguments are given, associated with the
physical reason why vertex corrections can be neglected in
the present two-band model.17,18,42 It is basically due to the
fact that the presence of heavy particles allows us to ignore
vertex corrections because the coefficient ��1 appears in
the vertex expression.

In summary, maybe the presence of two bands, more pre-
cisely, an almost flat band allows us to consider only self-
energy corrections, giving rise to the marginal Fermi-liquid
physics. If we are dealing with the one-band problem, we
should take into account vertex corrections and we do not
know whether the expression of the fermion Green’s func-
tion is consistent with the marginal Fermi-liquid form or not.
Of course, this discussion is based on the assumption that the
z=3 QCP is stable. Actually, it turns out that the z=3 quan-
tum criticality is difficult to be stable if vertex corrections are
introduced in the one-band model.41

C. Summary

In this paper we found new mechanism of superconduc-
tivity from a non-Fermi-liquid metal beyond the spin-

TABLE II. Mechanism of superconductivity around heavy-fermion QCPs with superconductivity �SC�,
Fermi liquid �FL�, and non-Fermi liquid �NFL�.

SC from FL

SC from NFL

Weak coupling Strong coupling

BCS �phonon� mechanism Spin-fluctuation mechanism Kondo-fluctuation mechanism

KI-SEOK KIM PHYSICAL REVIEW B 81, 094507 �2010�

094507-8



fluctuation framework, originated from strong correlations
�Table II�. The hybridization mechanism should be regarded
robust and unique, where antiferromagnetic correlations play
an important role in the presence of hybridization fluctua-
tions at the QCP,43 implying that the similar Kondo mecha-
nism is difficult to work around the Kondo breakdown QCP
in the slave-boson framework. We predicted emergence of
the charge resonance mode at an antiferromagnetic wave
vector as the fingerprint for the Kondo fluctuation mecha-
nism, resulting from the multigap nature, thus discriminated
from the spin-fluctuation scenario. We obtain actual numeri-
cal values for the transition temperature and ratio between
the superconducting gaps and transition temperature, and
find 2�c /Tc�9 and 2� f /Tc�O�10−1�. Although these ratios
are consistent with CeCoIn5, the origin of each gap is not

compatible with an experiment,21 where the small gap is
claimed to appear from light electrons while it is originated
from heavy fermions, holons in the Kondo fluctuation
mechanism. We believe that this point should be clarified in
experiments, particularly, from the measurement for
CeRhIn5, where the mechanism of superconductivity in this
material is claimed to differ from that in CeCoIn5.20
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